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(Received 1 May 2015; accepted 17 August 2015; published online 28 August 2015)
Accurate vibrational energy levels of the simplest Criegee intermediate (CH2OO) were determined on
a recently developed ab initio based nine-dimensional potential energy surface using three quantum
mechanical methods. The first is the iterative Lanczos method using a conventional basis expansion
with an exact Hamiltonian. The second and more efficient method is the multi-configurational
time-dependent Hartree (MCTDH) method in which the potential energy surface is refit to conform
to the sums-of-products requirement of MCTDH. Finally, the energy levels were computed with
a vibrational self-consistent field/virtual configuration interaction method in MULTIMODE. The
low-lying levels obtained from the three methods are found to be within a few wave numbers of
each other, although some larger discrepancies exist at higher levels. The calculated vibrational
levels are very well represented by an anharmonic effective Hamiltonian. C 2015 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4929707]
I. INTRODUCTION
The Criegee intermediates play an important role in the
ozonolysis of various alkenes in the atmosphere.1,2 The addi-
tion of atmospheric ozone onto the double bond leads to cy-
clic primary ozonides (POZs), which decompose to produce
Criegee intermediates (R1R2COO) and aldehydes or ketones.
However, it is very difficult to detect and study these metastable
species in the gas phase because they are often produced with
high internal energy and are highly reactive.3 Recently, a break-
through in generating Criegee intermediates via a reaction
between iodoalkanes and O2 has opened the door for studying
these elusive molecules.4 Microwave5–8 and infrared9–11 spec-
troscopy, photochemistry,12–18 unimolecular decay,19–21 and
reaction kinetics22–26 have been reported for several Criegee
intermediates, which greatly advanced our understanding of
the structure and reactivity of these important atmospheric
molecules.27–29
There have been many theoretical investigations of the
Criegee intermediates,30 mostly on their structures and bond-
ing characters,31–35 spectroscopy,8–11,36–41 and reactivities.42–46
Very recently, a full-dimensional potential energy surface
(PES) has been developed for the simplest Criegee interme-
diate (CH2OO), based on an accurate permutation invariant
polynomial-neural network (PIP-NN)47,48 fit of ∼50 000 high-
level ab initio points.49 The low-lying ro-vibrational levels of
this molecule have been determined using a vibrational self-
consistent field/virtual configuration interaction (VSCF/VCI)
method50,51 implemented in MULTIMODE,52 and the agree-
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Chongqing University, Chongqing 400044, China.
ment with available experimental data has been quite satis-
factory.8,10,49 Indeed, the theoretical energy levels have helped
to assign and reassign some experimental lines.8,10 However,
the VSCF/VCI approach is based on normal modes defined
near the equilibrium geometry, and thus is expected to be
mostly accurate for low-lying levels. To better understand
the dynamics of the Criegee intermediate at higher internal
energies, it is important to determine accurately the highly
excited vibrational energy levels. In this publication, we pres-
ent nearly 70 converged vibrational levels computed using
an exact nine-dimensional Hamiltonian in orthogonal poly-
spherical coordinates. In addition, we also report energy levels
using the efficient multi-configuration time-dependent Hartree
(MCTDH) method and additional MULTIMODE energies.
Finally, the calculated levels are accurately represented by an
anharmonic normal mode expansion model.
II. THEORY
A. Lanczos method
Vibrational energies of CH2OO have been calculated in
full nine dimensions using the PetroVib program.53 Since the
algorithm has been well described in the literature,53,54 we
will not give many details here. Briefly, calculations were per-
formed with an exact full-dimensional quantum Hamiltonian
in the body-fixed (BF) frame using a set of orthogonal spherical
coordinates. For CH2OO, the combined (2 + 1) Radau-Jacobi
coordinates (Icd = 1) were used. As shown in Fig. 1 (at left),
r⃗1 and r⃗2 are two Radau vectors55 describing the two hydrogen
atoms, r⃗3 is a diatom Jacobi vector for O2, and r⃗4 is the diatom-
triatom Jacobi vector for the O2–CH2 interactions. The BF
z-axis is selected to coincide with the r⃗4 vector whereas the
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FIG. 1. (at left) Coordinates defined by four orthogonal vectors for CH2OO. r⃗1 and r⃗2 are two Radau vectors whereas r⃗3 and r⃗4 are two Jacobi ones. (middle
and right) Two possible choices of polyspherical coordinates for MCTDH calculations.
vector r⃗3 lies in the xz plane with a positive x direction in the
BF frame. Then, the nine internal coordinates can be defined
by the four radial variables and five spherical angles, i.e., R
= {r1,r2,r3,r4} and Θ = {θ1, θ2, θ3, ϕ1, ϕ2}, respectively. θ3 is
the polar angle of r⃗3 with ϕ3 = 0.
 
θ j, ϕ j

are the spherical
angles of vector r⃗ j ( j = 1,2) in the BF frame.
Generally, for the total angular momentum J = 0, the
vibrational Hamiltonian of the system can be written as53,54,56
Hˆv = TˆR(R) + HˆΘ(Θ;R), (1a)
HˆΘ(Θ;R) = TˆΘ(Θ;R) + V (Θ,R), (1b)
where V is the PIP-NN PES of CH2OO,49 and TˆR, TˆΘ are
the R- and Θ-dependent kinetic energy operators (KEOs),
respectively. For detailed Hamiltonian expressions, the reader
is referred to Ref. 53. The eigenvalues of Hˆv were solved using
the two-layer Lanczos algorithm56,57 in a mixed grid/non-
direct-product basis set. A potential-optimized discrete vari-
able representation58,59 (PODVR) (denoted as |rαi⟩) was
adapted in each radial coordinate. In the angular variables, a
non-direct-product finite basis representation (FBR) basis was
employed. The FBR basis set is formed by spherical harmonic
functions | jm⟩ = Yjm(θ,ϕ). As usual, a set of diabatic functions
({ψp
k
(Θ;R0)}) in Θ were first computed using the guided
spectral transform Lanczos method60 for a given radial refer-
ence R0 = {2.012 56, 2.012 56, 2.536 82, 3.321 02}a0 that is
determined from the equilibrium geometry of CH2OO. In
other words, the diabatic functions are obtained by solving the
reduced dimensional eigen-equation,
HˆΘ(Θ;R0)ψpk = εpkψpk , (2)
with
HˆΘ(Θ;R0) = TˆΘ(Θ;R0) + V (Θ,RV0 ), (3)
where p refers to the inversion parity. We note that the CH2OO
molecule has more symmetries which are not explicitly ex-
ploited in the calculations.
The final vibrational energies are calculated using the
Lanczos algorithm61 in a combined basis set with the PODVR
in R and the diabatic functions in Θ. In such a manner, a










The basis set is truncated using a potential threshold
(Vcut = 2.05 eV).
Since the Lanczos algorithm is capable of generating en-
ergy levels not contained in the initial vector,61 unwanted levels
located in other stable isomers or artificial wells in the PES
far away from the CH2OO local minimum may emerge. To
remove those levels, we adopt the following strategy. First,
we put a geometric constraint with θ1/θ2 > 35◦, θ3 > 90◦, 90◦
< ϕ2 < 270◦, and RHH > 0.45 a0. As we have used a sym-
metry adapted basis set, the ϕ1 angle is in [0, 180] degrees.
This constraint forces the calculations into a single CH2OO
well because the isomerization pathways to other minima are
blocked by the ranges of θi. (Roughly, the geometries with
short O-H distances are excluded.) The single well constraint
is also assured by the (RHH, ϕi, and θ3) ranges. Beyond this
region, the potential energy value is set at Vcut. Second, at any
grid point, if the potential energy is less than that of the local
minimum of interest of CH2OO by ∆V (0.001-0.002 eV) the
potential value is replaced with Vcut in order to exclude those
regions. This second constraint does not significantly perturb
the states of interest except for the nv7 (n ≥ 4) and its associated
combination bands (see below). In addition, the parameter ∆V
is also used to identify these other states because the eigen-
states of interest are minimally affected by this parameter. The
MCTDH method avoids this issue by beginning propagation in
the CH2OO well and so the wavefunction does not stray into
other wells (in the absence of rapid tunneling). To confirm that
the effects of the constraints in the Lanczos calculations are
negligible, test calculations were performed using MCTDH to
compute the first 20 levels with and without the constraints. For
the test calculations, the same Radau coordinates and similar
primitive basis were employed (as were used for the Lanczos
calculations). Thus, in terms of the coordinates shown at left
in Figure 1, four combined coordinates were defined as: Q1
= [r4, r3,cos(θ3)], Q2 = [r1, r2], Q3 = [cos(θ1),cos(θ2)], and Q4
= [ϕ1,ϕ2], and the potential was represented as a second-order
cluster expansion. (More details about combined coordinates
and cluster expansions are given in Sec. II B on MCTDH.)
The largest difference between energy levels recorded in the
two calculations (with and without the constraints) was only
0.38 cm−1 and most differences were less than 0.20 cm−1.
B. MCTDH
The MCTDH method62,63 is an efficient method for solv-
ing the Schrödinger equation. Within this approach, the wave-
function Ψ(Q; t) of the system is written as a sum of products
of single-particle functions (SPFs), forming a time-dependent
orthonormal basis set. SPFs are low dimensional functions:
when they contain more than one degree of freedom (DOF),
a combined coordinate Qκ = q1,κ, . . . ,qdκ,κ is introduced to
comprise dκ physical DOFs. Applying the Dirac-Frenkel vari-
ational principle on the ansatz,
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leads to equations of motion for the expansion coefficients as
well as the SPFs. In Eq. (5),Ψ are the combined single-particle
functions, and ni < Ni, where Ni is the direct product size of
the combined primitive bases. The low-lying eigenstates of
the Hamiltonian were computed with the improved relaxation
method implemented in the Heidelberg MCTDH package.64
The improved relaxation method is a method where the SPFs
are optimized by relaxation (propagation in imaginary time)
but the coefficient vectors (A-vector) are determined by diago-
nalization of the Hamiltonian matrix evaluated in the set of the
SPFs.
Propagating the wavepacket at each time step requires the
calculation of multi-dimensional integrals over all DOFs. It is
therefore helpful to express the high dimensional terms within
the Hamiltonian as a sum of products of low dimensional
ones. In doing so, matrix elements can be expressed by a sum
of products of monomodal integrals. While the KEO often
satisfies this requirement, the PES is typically non-separable
and needs be converted to a sums-of-products form.
Several coordinate choices are possible to represent the
kinetic and potential energies of CH2OO. The best choice is the
one that simultaneously simplifies the expression of the KEO
and allows rapid convergence in the dynamics calculations. In
the MCTDH calculations, we chose to represent the system
using polyspherical coordinates.65,66 We used valence coordi-
nates and after some trials selected a particular set where R⃗1
and R⃗2 define the BF frame and CH2 is treated as a subsystem
(see Fig. 1 at right where two possible choices are presented).
Once the coordinates are specified, the KEO can be built with a
regular derivation or through the help of the TANA program.67
To conform the PES to the MCTDH preferred format, the
POTFIT routine68,69 in the Heidelberg MCTDH package can
be used to transform the PES accurately into a product form.
This procedure, however, is only straightforward for up to 6
or 7 DOFs. In future, the MultiGrid method recently devel-
oped by Peláez and Meyer70 promises to extend the POTFIT
method, but it is not yet available in the current Heidelberg
MCTDH distribution. We chose here the cluster or n-mode
representation71–73 to represent the PES. However, this is a
complicated task as a particular choice of coordinates con-
strains the coupling between the modes and the corresponding
combined modes. Our best choice of coordinates is the one
found to minimize the coupling between the combined modes.
We determined the coordinate representation of the system
before deriving the KEO since obtaining an accurate sums-
of-products fit of the PES was the most difficult and time-
consuming aspect of the entire procedure.
C. VSCF/VCI
The ro-vibrational energy levels of CH2OO were also
determined using the VSCF/VCI approach implemented in
MULTIMODE.52 Mass-scaled normal mode coordinates were
used in the Watson Hamiltonian74 and the vibrational wave-
function was written as an expansion of direct-product basis
functions, while the potential was expanded with a hierarchical
n-mode representation over a single minimum. The calcula-
tions were done with a truncated potential with up to 6-mode
terms. The J = 0 vibrational problem was first solved using the
VSCF approach.50,51 To account for coupling among the nine
vibrational modes, we go beyond the VSCF approximation by
expanding the vibrational wavefunction in terms of the eigen-
functions of the VSCF Hamiltonian. This VCI method75,76
typically improves the results, and is used here with up to 5-
mode excitations.
D. Effective Hamiltonian
The levels obtained by the three methods (including the




ωi (νi + 1/2) +

i< j
xi j (νi + 1/2)  νj + 1/2 , (6)
where ωi are the harmonic frequencies and xi j are the anhar-
monicities.
III. RESULTS
The convergence of the Lanczos results has been tested by
varying the basis size. Results reported are based on the large
basis set defined in Table I. NDVR1D is the primitive Fourier basis
size used for constructing PODVRs in each radial variable.




the number of FBR or discrete variable representation (DVR)
points in the angular coordinatesΘ. The others have their usual
meanings. Thus, the primitive mixed PODVR/FBR basis size
results as large as 6.34 × 1010 with the consideration of the
inversion symmetry. Both inversion symmetry species have
been computed and the energy levels with the even/odd parity
correspond to the A′/A′′ vibrational states. The degeneracy of
vibrational states owing to the hydrogen atom permutations
TABLE I. Basis parameters used in the two-layer Lanczos calculations.
Parameters rmin/a0 rmax/a0 NDVR1D N
PODVR
1D
r1 1.0 3.75 60 7
r2 1.0 3.75 60 7
r3 1.2 4.2 80 13
r4 2.0 4.9 80 13
j1,max= 26 j2,max= 26 j3,max= 40 NFBRΘ = 7 657 692 Ndiab= 360
|m1|max= 26 |m2|max= 26 |m3|max= 40 NDVRΘ = 41 994 045 NPODVRR = 8281
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TABLE II. Mode cluster combinations for MCTDH calculations.a
Primitive coordinates
Combined coordinate Set 1 Set 2 Set 3
Q1 R1, R2 R1, R2 R1, R2, θ2
Q2 R3, R4 R3, R4 R3, R4
Q3 θ2, θ3, θ4 θ2, θ3, θ4 θ3, θ4
Q4 ϕ3, ϕ4 ϕ3, ϕ4 ϕ3, ϕ4
aSet 1 corresponds to the coordinates shown in the middle panel of Figure 1. Sets 2 and
3 correspond to the coordinates shown in the rightmost panel of Figure 1.
holds well. Those energy levels (except for 4v7) should be
converged to within 1.0 cm−1 for the form of the floored poten-
tial described above. Indeed, 4v7 is the lowest level that shows
the geometry constraint effect. Its vibrational wavefunction has
some interactions with the potential wall caused by the second
constraint.
For the MCTDH calculations, we tested three possible
single reference cluster representations, which are summarized
in Table II. Set 1 corresponds to the coordinates shown in
the middle panel of Figure 1. Sets 2 and 3 correspond to
the coordinates shown in the rightmost panel of Figure 1.
Table III shows statistics related to the three combined coordi-
nate choices presented in Table II. They are obtained through
a Monte-Carlo procedure using the Metropolis algorithm to
generate a trajectory in an approach similar to the one dis-
cussed in Refs. 69 and 70. Table III shows the mean and root
mean-squared contributions of the various clusters: the last
line shows the errors (obtained from the Monte-Carlo walk)
comparing with the exact potential. As expected, in Table III
the larger contributions come from the low order clusters. It is
also found that the contributions to the second and third order
clusters for coordinate Set 3 are smaller than the contributions
TABLE III. MCTDH calculations: expectation values (mean and RMS) of
the clusters formed by the mode-combinations listed in Table II. Error
(bottom line) refers to a Monte-Carlo (MC) evaluation of error measures
in the approximated potential comparing with the exact potential. Mean and
RMS values were determined including points up to 10 000 cm−1 above the
potential minimum. All values are reported in cm−1.
Set 1 Set 2 Set 3
Cluster Mean RMS Mean RMS Mean RMS
ν1 1239.54 1819.05 1805.76 2473.70 2516.77 3155.00
ν2 1215.77 1646.01 1572.00 2081.98 1431.65 1975.06
ν3 2030.76 2573.69 2827.08 3960.41 1573.42 2239.75
ν4 1384.66 2111.35 2374.45 3227.43 1192.12 1748.18
ν12 −4.33 65.05 4.22 77.88 −17.93 121.40
ν13 −208.35 608.71 −597.24 1532.55 −129.29 497.65
ν14 −89.77 389.40 −265.05 608.44 −93.14 301.57
ν23 −27.81 128.94 −53.72 216.62 −41.92 143.80
ν24 −25.26 100.78 −48.12 149.55 −10.07 77.73
ν34 −179.67 431.66 −385.52 1344.42 −36.33 201.68
ν123 0.43 25.76 13.90 73.68 7.05 50.50
ν124 0.09 7.07 −0.33 10.51 0.21 10.10
ν134 7.73 60.18 49.22 510.78 1.63 45.84
ν234 2.95 45.08 8.65 79.42 3.19 21.98
Error −0.30 8.97 0.05 5.54 0.07 4.57
TABLE IV. Specification of the one-dimensional grids: HO—harmonic os-
cillator DVR; sine—sine-DVR; exp—exponential DVR. N denotes the num-
ber of grid points and xi and x f provide the range of the grid.
Coordinate N xi x f DVR
R1 41 1.800 273 3.000 273 HO
R2 41 1.936 787 3.136 787 HO
θ2 41 −0.232 518 0.967 482 sine
R3 41 1.439 519 2.639 519 HO
θ3 41 −0.978 799 0.221 201 sine
ϕ3 45 0.000 000 2π exp
R4 41 1.445 166 2.645 166 HO
θ4 41 −0.920 418 0.279 582 sine
ϕ4 45 0.000 000 2π exp
from the other two sets. The mean and RMS errors of the
three expansion sets with the exact potential are however of
about the same order. Table III highlights the fact that the
third choice (Comb. 3) is the most suitable as it reduces the
coupling between combined modes since their contributions
are minimal in the complete cluster expansion compared to the
other sets.
Once the KEO and PES cluster expansions are obtained,
one can set up the numerical calculation. The grid range and
primitive basis for each degree of freedom are shown in Ta-
ble IV. The MCTDH approach for the calculation of the eigen-
states can in principle be numerically exact: the main error
here arises from the representation of PES which despite a
careful cluster expansion construction is still not perfect. For
the specific cluster representation choice #3 presented above,
the calculated energy levels are converged to a thousandth of
a wavenumber (0.001 cm−1). The MCTDH values reported
below are obtained from a 2nd order combined cluster PES
(the 3rd order combined cluster is computationally expensive
to obtain). The vibrational levels were assigned by visually
inspecting the wavefunctions in the relevant coordinates.
In the MULTIMODE calculations, convergence tests sug-
gest that the fundamental vibrational frequencies are converged
to∼2 cm−1, but higher levels are expected to have larger errors.
The assignment of the vibrational levels was performed by
inspecting the expansion coefficients.
Table V compares the vibrational energies for the lowest
eigenstates of CH2OO computed using the three methods. (The
list is not exhaustive above 2500 cm−1, but does include at least
all fundamentals and first overtones.) The tabulated values
agree quite well with each other especially in the lower energy
region. For higher energies, some deviations are seen between
the three approaches. For MULTIMODE, this may stem from
limitations in describing mode anharmonicity at higher ener-
gies. The MULTIMODE assignments, based on expansion
coefficients, were complicated by considerable coupling and
mode-mixing in this representation. The assignments in the
MCTDH calculations were done by visual inspection of the
wavefunctions. All of the modes could be easily identified
through the contour plots except ν8 (CH2 wag) whose nodal
pattern did not project cleanly onto the coordinates of the
calculation. Two of the levels below 2500 cm−1 reported for
the other methods in Table V were not obtained in the MCTDH
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TABLE V. Comparison of vibrational energies (cm−1) calculated using three methods. The available experimental
values are also included for comparison. The values given by the effective Hamiltonian are also given.
Assignment Lanczos MCTDH MULTIMODE Effective Hamiltonianc Expt.
ZPE 6652.99 6657.11 6656.80 6651.79
ν7 525.10 524.88 525.51 524.15
ν9 620.58 620.41 621.50 621.02
ν8 859.10 859.10 859.44 860.60 848,9 847.4410
ν6 926.74 927.59 927.21 928.38 908,9 909.2610
2ν7 1052.39 1048.97 1050.50 1049.78
ν7+ν9 1145.80 1143.08 1146.72 1146.97
ν5 1211.08 1211.25 1211.66 1211.85 1213.310
2ν9 1228.46 1227.95 1233.94 1227.55 1234.210
ν4 1286.04 1284.48 1285.40 1287.61 1286,9 1285.910
ν7+ν8 1387.61 1386.43 1389.50 1390.88
ν3 1432.45 1430.76 1433.68 1430.91 1435,9 1434.110
ν7+ν6 1446.71 1446.26 1448.74 1446.26
ν9+ν8 1490.49 1490.04 1494.02 1496.42
ν9+ν6 1546.74 1547.18 1549.77 1547.98
3ν7 1578.62 1571.80 1575.29 1575.68
2ν7+ν9 1669.57 1664.47 1671.93 1673.21
2ν8 1720.24 1719.61 1723.10 1713.46
ν7+ν5 1736.21 1733.26 1736.82 1735.59
ν7+2ν9 1754.55 1749.04 1762.15 1754.11
ν8+ν6 1799.64 1800.78 1801.79 1797.63
ν7+ν4 1820.85 1804.98 1809.54 1817.55
ν9+ν5 1833.83 1815.94 1827.48 1832.91
2ν6 1829.49 1831.09 1830.51 1829.12
3ν9 1816.78 1833.00 1849.04 1818.38
ν9+ν4 1909.95 1906.98 1917.01 1910.10
2ν7+ν8 1918.37 1912.96 1919.33 1921.45
ν7+ν3 1957.23 1951.81 1957.45 1960.31
2ν7+ν6 1966.15 1964.80 1970.36 1964.42
ν7+ν8+ν9 2018.05 2014.69 2025.01 2027.31
ν9+ν3 2042.69 2040.63 2051.34 2042.69
ν7+ν9+ν6 2065.47 2062.36 2074.13 2066.47
ν8+ν5 2072.44 2072.68 2075.21 2072.44
4ν7 2096±10a 2093.42 2101.95 2101.86
ν8+ν4 2103.65 2102.22 2110.71 2103.65
ν6+ν5 2131.96 2133.14 2135.23 2131.96
2ν9+ν8 2136.21 2133.76 2143.09 2116.54
2ν9+ν6 2154.90 2165.91 2166.69 2151.89
3ν7+ν9 2210.28 2184.36 2201.53 2199.72
ν6+ν4 2219.60 2218.22 2221.07 2219.60
2ν8+ν7 2252.17 2247.70 2258.24 2248.68
2ν7+ν5 2257.77 2254.77 2261.16 2259.62
ν8+ν3 2282.90 2281.44 2287.63 2282.90
2v7+2v9 2277.45 2269.02 2294.66 2280.95
ν6+ν3 2367.90 2366.11 2371.60 2367.90
ν7+ν8+ν6 2322.06 2321.15 2331.35 2320.44
2ν7+ν4 2342.49 2324.80 2334.95 2347.76
ν7 + 3ν9 2342.16 2388.14 2345.55
2ν6+ν7 2339.25 2345.43 2342.11 2339.54
2ν8+ν9 2352.61 2351.52 2364.87 2362.87
ν5+ν7+ν9 2360.36 2354.10 2358.63 2357.27
ν4+ν7+ν9 2447.88 2425.24 2452.26 2440.64
2ν5 2402.91b 2419.95 2421.40 2402.91
ν9+ν8+ν6 2427.19 2427.45 2437.13 2430.82
2ν9+ν5 2436.29 2435.15 2442.73 2438.29
2ν6+ν9 2446.02 2448.86 2453.55 2446.10
3ν7+ν8 2455.65 2438.60 2453.05 2452.29
2ν9+ν4 2513.36 2468.09 2516.90
3ν7+ν6 2481.54 2470.57 2479.47 2482.86
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TABLE V. (Continued.)
Assignment Lanczos MCTDH MULTIMODE Effective Hamiltonianc Expt.
ν4+ν5 2494.14 2487.44 2493.50 2494.14
2ν7+ν3 2491.52 2483.79 2494.60 2489.98
2ν4 2562.85 2536.16 2562.85
2ν3 2850.44 2857.73 2850.44
ν2 2991.42 3012.97 2991.42
ν1 3138.69 3150.49 3138.69
2ν2 5882.31 5876.97 5882.31
2ν1 6239.04 6257.02 6239.04
aThe 4v7 level is very sensitive to Vcut.
bStrongly coupled with 2420.63(4v9).
cAnharmonic expansion fit to Eq. (6).
results. The MCTDH values presented in this work could be
slightly improved by a more accurate representation of the
PES in sums-of-products form, optimized to efficiently run
the MCTDH calculations. Some of the discrepancies between
the three methods listed in Table V could be due to the use
of the potential “floor” for the variational basis set calcula-
tions used to guard against states originating in other deeper
minima of the system. As mentioned in the footnote to Table V,
some levels were indeed sensitive to this parameter. Figures 2
and 3 plot two-dimensional probability densities (in the rOO
and ∠COO coordinates) for wavefunctions of the ν6, 2ν6, and
ν7-4ν7 progressions, respectively. It is clear from these plots
that the vibrational modes are regular and assignable. These
modes are the OO stretch and COO bend progressions related
to the most significant geometric differences between the X-
and B-states,40 relevant to the UV absorption spectrum and
photodissociation processes. In the same table, the available
experimental vibrational band origins are also listed. Gen-
erally, the agreement between the calculated and measured
values is satisfactory, if not quite spectroscopically accurate.
By far, the most significant discrepancy is the frequency for
ν6 (the OO stretch) for which the calculated value is nearly
20 cm−1 too large. This was noted previously49 and attrib-
utable to the lack of higher-order dynamic electron correla-
tion in the CCSD(T)-F12a/AVTZ method used to generate
the PES. More recently, it was found that a (costly) multi-
configurational treatment such as multireference configuration
interaction (MRCI) is preferable particularly for describing
dissociation along the OO coordinate.40 The supporting infor-
mation of Ref. 40 compares several theoretical methods re-
porting that CCSD(T) significantly overshoots the dissociation
energy. Aside from the difficulty with ν6, the values for ν3, ν4,
ν5, ν6, and ν9 are all quite excellent.
The levels from the Lanczos calculation listed in Table V
were fit to an anharmonic expansion (Eq. (6)) and the results
are given in Table VI. Since no combination bands involving
ν1 and ν2 were recorded, then the couplings between those
and the other modes were set to zero. The root mean square
error (RMSE) for representing all of the calculated levels using
Eq. (6) expansion is 4.2 cm−1. No attempt was made to treat
perturbations due to resonances, but only one level (2ν9 + ν8)
had a fitting error larger than 10 cm−1 (−19 cm−1). Fits to
the levels obtained by MCTDH and MULTIMODE produced
similar errors. Some variations in the parameters were noted so
it is clear that some of the parameters are not fully determined
by the limited amount of data in the calculated vibrational
levels, particularly the lack of combination levels. As a result,
these parameters should be taken with caution. Two of the
largest anharmonic constants (x35 and x48) were consistent
between all three fits. The levels obtained by the effective
Hamiltonian (fit to Eq. (6)) are listed in Table V.
FIG. 2. Probability density plot for OO-stretch progression (ν6) computed
with MCTDH. Coordinates correspond to those shown in the rightmost panel
of Fig. 1.
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FIG. 3. Probability density plot for COO-deformation progression (ν7) computed with MCTDH. Coordinates correspond to those shown in the rightmost panel
of Fig. 1.
TABLE VI. Harmonic (ωi, in cm−1) and anharmonic (xi j, in cm−1) constants derived from a fit of the Lanczos
levels in Table V.
ωi xi j 1 2 3 4 5 6 7 8 9
ν1 3177.0 1 −19.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
ν2 3092.0 2 −50.5 0.0 0.0 0.0 0.0 0.0 0.0 0.0
ν3 1544.3 3 −6.3 −79.2 −111.2 7.4 4.0 −9.8 −10.4
ν4 1364.5 4 −6.8 −6.5 2.4 4.6 −45.8 0.3
ν5 1300.6 5 −11.0 −9.5 −1.6 −1.2 −1.1
ν6 959.5 6 −14.4 −7.5 7.4 −2.6
ν7 522.5 7 0.1 4.9 0.6
ν8 886.1 8 −4.5 13.6
ν9 637.8 9 −7.8
IV. CONCLUSIONS
The bound vibrational states for the simplest Criegee inter-
mediate (CH2OO) were computed in full (9D) dimensionality
using three different methods and a recently published ab initio
based PES. Results include those from a variational approach
using a two-layer Lanczos algorithm to obtain eigenvalues of
a large matrix-representation of a numerically exact Hamilto-
nian. The other two more computationally affordable methods
are (1) the improved relaxation algorithm within the MCTDH
package, and (2) a vibrational VSCF/VCI method in MUL-
TIMODE. Reasonably close agreement between the different
methods was obtained despite the fact that the general difficulty
of computing vibrational levels in 9D was compounded here as
the states of interest are confined to a local minimum with only
a low barrier to a deeper minimum. The most significant differ-
ences between the MCTDH and Lanczos results were traced
to the use of a limited second-order cluster expansion of the
potential in the combined modes (used in the MCTDH calcula-
tions to reduce costs). A spectrum of 66 levels is reported above
the ZPE level which is at about 6653 cm−1, and their agreement
with experimental band origins is satisfactory. The recorded
levels are well fit by an anharmonic effective Hamiltonian
without considering resonances. As reported previously, the
computed barrier on the PES to reach dioxirane (25.1 kcal/mol
more stable) is only 19.0 kcal/mol (∼6645 cm−1).49 The highest
level computed here is 2ν1 with two quanta of excitation in the
antisymmetric CH stretching mode. At 6239 cm−1, the 2ν1 is
only ∼400 cm−1 below the top of the barrier. Indeed, 2ν1 is
the state used by Lester and coworkers to initiate IR-driven
unimolecular reaction to form OH products in several larger
Criegee intermediates.19,20
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We find that the MCTDH and MULTIMODE approaches
provide efficient and reliable alternatives to the Lanczos basis
set method for computing the states in this study. Both ap-
proaches enable straightforward assignment of levels
using wavefunction plots (MCTDH) and modal character
(MULTIMODE).
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